Abstract. We introduce and survey a Betti form of the geometric Langlands conjecture, parallel to the de Rham form developed by Beilinson-Drinfeld and Arinkin-Gaitsgory, and the Dolbeault form of Donagi-Pantev, and inspired by the work of Kapustin-Witten in supersymmetric gauge theory. The conjecture proposes an automorphic category associated to a compact Riemann surface X and complex reductive group G is equivalent to a spectral category associated to the underlying topological surface S and Langlands dual group G ∨ . The automorphic category consists of suitable C-sheaves on the moduli stack Bun G (X) of G-bundles on X, while the spectral category consists of suitable O-modules on the character stack Loc G ∨ (S) of G ∨ -local systems on S. The conjecture is compatible with and constrained by the natural symmetries of both sides coming from modifications of bundles and local systems. On the one hand, cuspidal Hecke eigensheaves in the de Rham and Betti sense are expected to coincide, so that one can view the Betti conjecture as offering a different "integration measure" on the same fundamental objects. On the other hand, the Betti spectral categories are more explicit than their de Rham counterparts and one might hope the conjecture is less challenging. The Betti program also enjoys symmetries coming from topological field theory: it is expected to extend to an equivalence of four-dimensional topological field theories, and in particular, the conjecture for closed surfaces is expected to reduce to the case of the thrice-punctured sphere. Finally, we also present ramified, quantum and integral variants of the conjecture, and highlight connections to other topics, including representation theory of real reductive groups and quantum groups.
), studies three different moduli problems for bundles for a complex reductive group G ∨ :
• These carry a package of structures and relations generalizing the relations between de Rham, Dolbeault and Betti cohomology of smooth projective varieties including:
• Given a real or integral form of G ∨ , one can define a real or integral form of the Betti space.
• The Betti space depends only on the homotopy type of X, and in particular, carries an action of the mapping class group of X.
• The Riemann-Hilbert correspondence (from connections to their monodromy) provides an analytic identification from the de Rham space to Betti space. It induces an isomorphism of formal neighborhoods of points in the two spaces.
• The de Rham space carries a nonabelian Hodge filtration, expressed via the Rees construction as a G m -equivariant family over A 1 with special fiber the Dolbeault space.
• The nonabelian Hodge theorem provides a trivialization of the Hodge filtration (a diffeomorphism between the Dolbeault and de Rham spaces) after passing from the stack to the corresponding moduli space of semistable objects. It induces an isomorphism of formal neighborhoods of points in the two spaces.
• The de Rham space carries a flat (nonabelian Gauss-Manin) connection over the moduli of curves. However, the connection does not integrate algebraically to a parallel transport: de Rham spaces for distinct curves are not isomorphic. The Betti spaces are more elementary in construction than their de Rham and Dolbeault counterparts. Indeed, they are global quotients of affine derived complete intersections. Their manifestly topological nature provides a ready source of examples of topological field theories. Their cohomology has been the subject of great recent interest [HRV, HLRV, dCHM] . They are central objects in the theory of cluster varieties [FG, FST, GS, STWZ] . Our goal in this paper is to suggest a role for Betti spaces in the geometric Langlands program.
1.2. Geometric Langlands Program. The geometric Langlands program provides a nonabelian, global and categorical form of harmonic analysis. We fix a complex reductive group G and study the moduli stack Bun G (X) of G-bundles on X. This stack comes equipped with a large commutative symmetry algebra: for any point x ∈ X we have a family of correspondences acting on Bun G (X) by modifying G-bundles at x. The goal of the geometric Langlands program is to simultaneously diagonalize the action of Hecke correspondences on suitable categories of sheaves on Bun G (X). One can ask to label the common eigensheaves (Hecke eigensheaves) by their eigenvalues (Langlands"classical limit") analog of the geometric Langlands conjecture is the following conjecture studied by Donagi and Pantev [DP1] , which we dub the Dolbeault form of Geometric Langlands: Conjecture 1.3 (Dolbeault Geometric Langlands). There is an equivalence of dg categories QC(T * Bun G (X)) ≃ QC(T * Bun G ∨ (X)) Remark 1.4. The conjecture is compatible with suitable Dolbeault Hecke functors. It yet remains to be suitably modified to account for singularities and non-compactness on both sides.
The Dolbeault conjecture was proved in [DP1] over a dense open locus, where they reduce it to a form of the Fourier-Mukai transform for abelian varieties, applied to the fibers of Hitchin's integrable system. In particular, generic skyscrapers on QC(T * Bun G ∨ (X)) correspond to line bundles on smooth fibers of the Hitchin system. Following an idea of Donagi [D] , Donagi and Pantev [DP2] further explain how nonabelian Hodge theory on Bun G (X) (relating Higgs sheaves and D-modules on Bun G (X)) should directly relate the de Rham conjecture to the Dolbeault conjecture, a program they are pursuing with Simpson.
1.3. Betti Geometric Langlands. Our aim is to introduce a Betti form of the Geometric Langlands conjecture, in which the Betti space Loc G ∨ (X) takes the place of the de Rham space Conn G ∨ (X). Since closed points of the de Rham and Betti spaces are in canonical bijection and their formal neighborhoods are algebraically equivalent, the category generated by the core objects on the spectral side, the skyscrapers, will be the same in the Betti and de Rham versions. On the automorphic side, we seek a Betti category containing the core automorphic objects, the perverse sheaves on Bun G (X) which are Hecke eigensheaves. As we discuss below, eigensheaves are expected to have characteristic variety contained in Laumon's global analogue of the nilpotent cone, namely the zero fiber N X = Hitch −1 (0) of the Hitchin fibration. (This is compatible with existing constructions in the de Rham setting, as well as the motivating fact that eigensheaves in the Dolbeault setting are line bundles on Hitchin fibers, which all have N X as the support of their conical limit.) We thus propose the category Shv N (Bun G (X)) of nilpotent sheaves, complexes of sheaves of C-vector spaces, which are locally constant in codirections which are not nilpotent. Finite rank nilpotent sheaves are automatically constructible, however we require no finiteness conditions so land outside of the traditional realm of constructible sheaves.
Conjecture 1.5 (Betti Geometric Langlands). There is an equivalence of dg categories
Shv N (Bun G (X)) ≃ QC ! N (Loc G ∨ (X)) compatible with actions of Hecke functors.
Here are some appealing features of the Betti conjecture:
• It contains and promotes the Core Geometric Langlands Conjecture to an alternative categorical equivalence.
• It has a natural integral form for nilpotent sheaves of abelian groups and ind-coherent sheaves on the integral character stack.
• It predicts that the category of nilpotent sheaves depends only on the topology of the curve, which appears far from obvious from the definition.
• The Betti spectral category can be glued together from a pants decomposition of the curve.
There is a parallel conjectural gluing formula for nilpotent sheaves, reducing the conjecture to a small number of basic building blocks.
• It has a natural ramified extension involving parabolic structures on both sides.
• It has a natural quantum version, relating twisted sheaves to a deformation of the spectral category built out of the representations of the quantum group.
• It has a natural extension to unoriented surfaces, which for the Möbius strip is directly related to Langlands-Vogan-Soergel duality for representations of real groups.
• The Betti categories in genus one (elliptic character sheaves) have close ties to the representation theory of p-adic groups and double affine Hecke algebras. An overarching theme is that the Betti conjecture fits into topological field theory (compared to the de Rham conjecture which fits into conformal field theory). The spectral categories carry many structures from 4-dimensional topological field theory, which correspond to structures (old and new, established and conjectural) on the automorphic side. Among these we discuss domain walls (functoriality), surface operators (ramification data), Wilson lines (modifications at points), Verlinde loops (modifications along loops), and local operators (measuring singular support).
Remark 1.6 (Opers). Opers play a central role in the de Rham setting absent in the Betti setting. The variety Op G ∨ (X) ⊂ Conn G ∨ (X) of opers is not algebraic in the Betti space, though individual opers can be considered. On the automorphic side, this corresponds to the fact that the D-module D ∈ D(Bun G (X)) itself, the "canonical coisotropic brane" of [KW] , does not have a Betti counterpart. In this regard, the situation is not symmetric: the structure sheaf O ∈ QC ! N (Loc G ∨ (X)) on the spectral side is a reasonable Betti object, whose dual is a "nilpotent Whittaker sheaf"
Remark 1.7 (Nilpotent cones). The roles of nilpotent cones on the automorphic and spectral sides, though suggestively parallel, are not known to us to be related: the former is controlled by H 1 of the curve with coefficients in a G-bundle, while the latter by H 2 of the curve with coefficients in a G ∨ -local system. On the spectral side, the nilpotent cone controls the behavior of sheaves at singular points, appearing for the same reasons as in the de Rham setting, though there one considers all D-modules without any bound on their singular support.
On the automorphic side, the nilpotent cone controls the behavior of sheaves at "infinity", playing the role of a Lagrangian skeleton or superpotential familiar in symplectic geometry. One can view nilpotent sheaves as a form of "partially wrapped" Lagrangian branes for the Hitchin system. While it is beyond current technology to define the Fukaya category for T * Bun G (X), we believe the category Shv N (Bun G (X)) to be a good algebraic model for the category of A-branes from [KW] .
In [KW] , Kapustin and Witten studied a topologically twisted form of maximally supersymmetric (N = 4) super Yang-Mills theory in four dimensions, and related it to the geometric Langlands correspondence. The automorphic category proposed in [KW] is the category of D-branes in the topological A-model with target the Hitchin space (M
, the moduli space of semistable G-Higgs bundles on X, with its symplectic structure which restricts to the standard form on the cotangent to the moduli space of stable G-bundles.
A beautiful feature of the Kapustin-Witten A-model picture of automorphic sheaves is that there is a large supply of obvious automorphic objects (Hecke eigensheaves). Namely, any rank one local system on a Lagrangian torus, given by a smooth fiber of Hitch, defines such an object. Under mirror symmetry (T-duality along the Hitchin fibration), this object is sent to a B-brane on the moduli space of G ∨ -local systems on X, which is a skyscraper at a smooth point. One then finds [KW, W3] that the original A-brane is an eigenbrane for the 't Hooft operators, with eigenvalue given by the corresponding G ∨ -local system. Kapustin-Witten explain a connection between the A-model on M H G and D-modules on Bun G (X). The mechanism they propose involves constructing a D-module out of an A-brane F by considering homomorphisms Hom(B cc , F ) to F out of a distinguished space-filling A-brane, the canonical coisotropic brane B cc . These homomorphisms form a module for the endomorphisms of B cc , which they identify in terms of differential operators on Bun G . However the full ring of endomorphisms appears to be a ring of infinite-order differential operators, which are entire rather than polynomial functions of momenta. Dually, the B-model of the noncompact analytic space Loc G ∨ (X) an has as full ring of endomorphisms of the structure sheaf the ring of analytic functions on the Betti, or equivalently de Rham, analytic space. Thus one needs to impose suitable growth conditions to obtain an equivalence of algebraic categories such as Betti or de Rham. One can view this as the role of the nilpotent cone on the automorphic side.
In this article, we survey the developing ideas contributing to the Betti geometric Langlands conjecture. We will be informal, in particular suppressing all the prevalent ∞-categorical considerations. Our perspective is deeply influenced by the structure of topological field theory, primarily through the work of Kapustin-Witten [KW] and Lurie [L3] . Finally, we have attempted to include helpful references but have certainly missed many relevant works.
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2. Two toy models 2.1. Mellin transform. To illustrate the relation between the de Rham and Betti conjectures, let us consider the Fourier transform on multiplicative groups (Mellin transforms).
Recall the classical Mellin transform: given a function f (z) : R >0 → R, its Mellin transform
provides the coefficients of the expansion of f (z) in terms of the characters
The characters z s = e sx are homogeneous of degree s, and form a "basis" of eigenfunctions of the invariant differential operator ∂ = z d dz . The Mellin transform "diagonalizes" the operator ∂, while exchanging the multiplication by z with translation in s. Now let us consider an algebraic realization of the Mellin transform in several variables. Let Λ be a lattice, with dual lattice Λ ∨ , and consider the torus T = C × ⊗ Z Λ with coweight lattice Λ = Hom(C × , T ), weight lattice Λ ∨ = Hom(T, C × ), Lie algebra t = C ⊗ Z Λ and dual t * = C ⊗ Z Λ ∨ . On the one hand, let z i ∈ Λ ∨ be a basis, and consider the regular functions C[T ] = C[z
±1
i ] and the algebra of differential operators
On the other hand, write ξ i ∈ Λ ⊂ t for a basis, and consider the regular functions C[t * ] = C[ξ i ] and the algebra of finite difference operators
∨ are a basis of the shift operators. There is an evident isomorphism
and thus an equivalence of abelian categories
between D T -modules and Λ ∨ -equivariant quasicoherent sheaves on t * . The equivalence matches the eigensystems of ∂ i in the form of the irreducible local systems
with the difference modules
given by the Λ ∨ -equivariantizations of the skyscrapers O λ , in particular expressing the gauge equivalence of the eigensystems L λ and L λ+µ , for µ ∈ Λ ∨ . The equivalence realizes arbitrary D T -modules as "direct integrals" of the eigensystems L λ in the sense that Λ ∨ -equivariant quasicoherent sheaves on t * are "direct integrals" of the skyscrapers O λ . Passing to the locally defined solutions Cz λ of the eigensystems L λ , we arrive back at the Mellin transform in several variables. Now instead of D T -modules, let us consider the abelian category Loc(T ) of local systems on T of arbitrary rank with its evident equivalent descriptions
where we introduce the dual torus T ∨ = C × ⊗ Z Λ ∨ with coweight lattice Λ ∨ = Hom(C × , T ) and weight lattice Λ = Hom(T, C × ). The irreducible local system L σ of monodromy σ ∈ T ∨ corresponds to the skyscraper O σ at the point σ ∈ T ∨ . Arbitrary local systems are "direct integrals" of the irreducibles L σ in the sense that quasicoherent sheaves on T ∨ are "direct integrals" of the skyscrapers O σ . The Riemann-Hilbert correspondence sends the D T -module L λ to the local system L σ where σ = exp(λ). It extends to an equivalence of analytic moduli spaces
While the "small" irreducible objects L λ ∈ D T − mod and L σ ∈ Loc(T ), where σ = exp(λ), are in natural correspondence, "large" objects of the respective categories are of very different natures. For example, consider the identity e ∈ T , and the respective skyscrapers based there. On the one hand, we obtain the D T -module of delta-functions
corresponding to the structure sheaf of t * with its standard Λ ∨ -equivariant structure. On the other hand, we obtain the universal local system represented by the regular C[π 1 (T )]-module
corresponding to the structure sheaf of T ∨ . The endomorphisms of the first are scalars C, while the endomorphisms of the second are regular functions
2.2. Geometric class field theory on an elliptic curve. Here we outline the basic shape of the Dolbeault, de Rham, and Betti geometric Langlands equivalences in the case of line bundles G = G ∨ = GL 1 on an elliptic curve X = (E, 0), as well as their quantum counterparts.
2.2.1. Dolbeault. Let Jac(E, 0) = P ic 0 (E, 0) ≃ E denote the moduli of line bundles of degree zero trivialized at 0 ∈ E. The Dolbeault space is T * Jac(E, 0) ≃ E × C with its Hitchin integrable system given by projection to the second factor. The self-duality of the Jacobian induces a Fourier-Mukai auto-equivalence of the dg category QC(Jac(E, 0)) of quasicoherent sheaves, and hence a fiberwise auto-equivalence of QC(T * Jac(E, 0)). It exchanges a skyscraper on a fiber with a degree zero line bundle on the same fiber.
2.2.2. de Rham. Let Conn GL1 (E, 0) denote the moduli space of flat line bundles on E trivialized at 0 ∈ E. Forgetting the connection realizes Conn GL1 (E, 0) as an A 1 -bundle over Jac(E, 0) = P ic 0 (E, 0) ≃ E, specifically the unique nontrivial A 1 -bundle, called the Serre surface. The FourierMukai transform for D-modules of Laumon and Rothstein provides an equivalence of dg categories
2.2.3. Betti. Let Loc GL1 (E, 0) denote the moduli of rank one local systems on E trivialized at 0. Taking monodromy around π 1 (Jac(E, 0)) ≃ Z ⊕ Z provides an equivalence
so that we have an equivalence of abelian categories
Note this is compatible with the calculations of wrapped microlocal sheaves and wrapped Lagrangian branes on the Dolbeault space T * Jac(E, 0) [A, N3] .
2.2.4. Quantum de Rham. The A 1 -bundle Conn GL1 (E, 0) → Jac(E, 0) ≃ E is the twisted cotangent bundle of E associated to the divisor 0 ∈ E, i.e., sections are 1-forms on E with simple poles at 0 of residue 1. It carries a canonical algebraic symplectic form which can be quantized by twisted D-modules on E. For 1/ = k ∈ C, we have a category D k − mod, where
is the sheaf of differential operators on E twisted by the kth power of the line bundle O(0). This is a flat deformation as
. This deformation quantization is Fourier dual to the deformation of D E to the sheaf of twisted differential operators on E: the Fourier-Mukai transform for D-modules has a twisted variant, due to Polishchuk-Rothstein, giving a derived equivalence
degenerating to the above equivalence as k → 0.
2.2.5. Quantum Betti. The variety G m × G m carries the algebraic symplectic form dz z ∧ dw w , which is analytically equivalent to the form on E ♭ . The corresponding Poisson bracket on functions is the classical limit q → 1 of the q-Weyl algebra of difference operators (or quantum differential operators)
To see the Fourier dual of this quantization, let L log q denote the G m -gerbe on E associated to the log qth power of the
Concretely, local systems on E twisted by the gerbe L log q are by definition local systems on the total space of L × with fiber wise monodromy q ∈ C × . Such twisted local systems are "level q" representations of a C × -central extension of π 1 (E), which we can describe explicitly by trivializing L on E \ 0. The result is an abelian equivalence
3. Spectral side 3.1. Character stacks. Given a topological surface S and complex reductive group G ∨ , we would like to study the character stack of G ∨ -local systems
which we understand as a derived stack. Note this definition makes sense for S an arbitrary homotopy type, and many of our constructions will extend to this generality. The character stack carries a natural action of the homotopy type Diff (S). For S a smooth oriented surface of genus g > 1, the action of Diff (S) factors through the mapping class group M CG(S) = π 0 (Diff (S)). More generally, a cobordism M : S S ′ of surfaces, or in fact any cospan S → M ← S ′ of spaces, defines a correspondence of character stacks
Remark 3.1. Reductive groups admit natural split forms over Z and as a result Loc G ∨ (S) does as well. All of the symmetries of Loc G ∨ (S) defined by symmetries of S are defined over Z.
If we fix a point s ∈ S, the character stack admits an explicit description. First, we have the smooth affine variety of representations
Then the character stack has a global complete intersection presentation by group-valued Hamiltonian reduction
Thus one starts with G ∨ -local systems on the punctured surface S \ {s} trivialized at a base point, imposes that the monodromy around s is the identity e ∈ G ∨ , and then quotients by the adjoint action of G ∨ to forget the trivialization. Equivalently, one can first quotient by the adjoint action of G ∨ to forget the trivialization, and then impose that the monodromy around s is conjugate to the identity e ∈ G ∨ . Thus one takes G ∨ -local systems on the punctured surface S \ {s} and imposes that their restriction to the disk D 2 ⊂ S around the puncture extends across the puncture
In particular, for S an oriented surface of genus g, we find the derived fiber product
Remark 3.2. It is important to recognize that the character stack has a nontrivial derived structure, coming from the overdetermined nature of the group-valued moment map Rep
At the linear level, this is recorded by the obstructions
3.1.1. Parabolic bundles. Suppose the surface S has boundary, fix a Borel subgroup B ∨ ⊂ G ∨ , and let
∨ ] be the universal Cartan group. We would also like to study the parabolic character stack of maps of pairs
This is an X -space in the sense of [FG] . Going further, we have the class of the boundary monodromies
and would often like to focus on the unipotent fiber
where we trivialize the classes of the boundary monodromies. If we were to further trivialize the underlying boundary H ∨ -bundle by base-changing along {e} → ({e}/H ∨ ) π0(∂S) , and twist by a central involution (see Remark 4.7), this would be an A-space in the sense of [FG] .
Finally, we also have the completion of the unipotent fiber inside the parabolic character stack
3.1.2. Twisted groups. In the Langlands program, one is naturally led to local systems for nonconstant group schemes. In our setting, the definition and basic properties of character stacks carry over easily to possibly non-trivial groups over S.
A natural example arises when S is an unoriented surface. Given an extension of groups
parameterizing G L -local systems on S equipped with an isomorphism between their induced Z/2-local system and the orientation double coverS → S.
Examples.
Example 3.3 (abelian case). For G ∨ = T ∨ a torus, the character stack is a product
of the underlying classical character stack
which itself is a product of the classical character variety (T ∨ ⊗ Z H 1 (S, Z)) and the classifying stack BT ∨ , along with the affine derived scheme
the derived self-intersection of the identity in the adjoint quotient.
Example 3.5 (3-sphere). Similarly, for
Example 3.6 (cylinder). In the case of a cylinder Cyl = S 1 ×[0, 1] with boundary ∂Cyl = S 1 ×{0, 1}, we obtain the Grothendieck-Steinberg stack
The unipotent version is the more familiar Steinberg stack
There is a nontrivial homotopical S 1 -action on St G ∨ given by rotating the cylinder.
Example 3.7 (torus). For S = T 2 , we find the derived commuting stack
where the mapping class group SL 2 (Z) permutes products of powers of g and h, and the connected component T 2 acts by translations.
Example 3.8 (pair of pants). For S the complement of two disjoint open disks in a closed disk, the fundamental group is free on two generators, and thus we find
Example 3.9 (Möbius strip). For an unoriented example, consider the Möbius strip Möb where we quotient the cylinder Cyl by the antipodal map. Equivalently, we also obtain Möb by removing an open disk from the projective plane RP 2 . For simplicity, let us take the semi-direct product G L = G ∨ ⋊ Z/2 where Z/2 acts by an algebraic involution θ ∨ . In this case, the character stack
G ∨ in which we impose that the group element g is unipotent. It carries a homotopical S 1 -action since rotating the cylinder commutes with the antipodal map.
3.3. Spectral categories. Let us continue with a topological surface S, complex reductive group G ∨ , and the resulting character stack Loc G ∨ (S) . For the spectral side of the Betti Langlands conjecture, we would like to take an appropriate category of O-modules on Loc G ∨ (S) . Due in particular to the presence of reducible local systems, Loc G ∨ (S) is singular, and so the natural candidate small dg categories Coh(Loc G ∨ (S)) and Perf(Loc G ∨ (S)) of coherent sheaves and perfect complexes do not coincide. Equivalently, the natural candidate cocomplete dg categories QC ! (Loc G ∨ (S)) and QC(Loc G ∨ (S)) of ind-coherent sheaves and quasicoherent sheaves do not coincide.
Remark 3.10 (small and cocomplete categories). One can go back and forth between the pair of small dg categories Coh(Loc G ∨ (S)) and Perf(Loc G ∨ (S)) and the pair of comcomplete dg categories
) by taking ind-completions or compact objects. More precisely, taking ind-categories defines a symmetric monoidal, colimit preserving equivalence between the ∞-category of small idempotent-complete stable ∞-categories with exact functors and the ∞-category of compactly-generated stable presentable ∞-categories with functors preserving colimits and compact objects. We use this to move freely between the two settings, though one must be careful when considering functors between cocomplete categories that do not preserve compact objects.
Example 3.11 (abelian case). Recall, for G ∨ = T ∨ a torus, the character stack is a product
with derived structure coming from the affine derived scheme
One can measure the difference between Coh(Loc T ∨ (S)) and Perf(Loc T ∨ (S)) by the action of the exterior algebra Λ = Sym(t[1]). The singular support ss(M ) ⊂ t ∨ of a Λ-module M is the support of the Koszul dual graded module M ∨ = Ext Λ (C 0 , M ) for the graded symmetric algebra
The singular support of Λ itself, and hence of any nontrivial perfect Λ-module, is the origin 0 ∈ t. Thus nontrivial perfect Λ-modules are precisely the finitely-generated modules with singular support the origin 0 ∈ t.
The general constructions of Arinkin-Gaitsgory [AG] applied to the global complete intersection presentation of Loc G ∨ (S) provide an action of the algebra
by endomorphisms of the identity functor of QC ! (Loc G ∨ (S)). Thus the endomorphisms of any object naturally form an A-algebra, providing a notion of the A-support of the object
In Section 3.6 below, we explain this structure in terms of local operators in topological field theory.
is either the origin or empty.
2) Define the small Betti spectral category
and the large Betti spectral category
to be the respective full dg subcategories of objects with nilpotent singular support.
Remark 3.13. Nilpotent singular support includes the trivial singular support of quasicoherent complexes, and thus we also have Perf(
) are respective module categories for Perf(Loc G ∨ (S)) and QC(Loc G ∨ (S)) acting by tensor product.
Our primary motivation for introducing nilpotent singular support is the following elementary observation. Suppose S is a surface with nonempty boundary, and consider the natural projection
where we forget the B ∨ -reduction of G ∨ -local systems along ∂S. Thus it is a base-change of the product over π 0 (∂S) of Grothendieck-Springer maps
) has nilpotent singular support. Moreover, every object of Coh N (Loc G ∨ (S)) arises as such a pushforward, and one can extend this to give a full descent description of Coh N (Loc G ∨ (S)).
One can argue that the notion of nilpotent singular support is simply a concise way to encode the idea that we study coherent sheaves coming via parabolic induction. In the next section, we will describe a global version of this motivation discovered in the de Rham setting.
3.4. Parabolic induction and domain walls. Any correspondence between classifying spaces of reductive groups BM
induces a correspondence between their character stacks
Depending on technical properties of the maps, one can hope to obtain resulting functors between spectral categories.
From the perspective of topological field theory, the correspondence results from the cobordism given by the 3-dimensional cylinder S × [0, 1] labelled with the M ∨ and G ∨ theories at the respective ends S × {0} and S × {1}, and separated by a domain wall or interface labelled by Z along the separating surface S × {1/2}.
For an important example of this paradigm, fix a parabolic subgroup [AG] explain that the choice to work with spectral categories of perfect complexes is not consistent with parabolic induction in the form of geometric Eisenstein series. (They work in the de Rham setting but the situation is identical in this regard in the Betti setting.) Namely, pulling back and pushing forward a perfect complex on Loc M ∨ (S) under the natural correspondence
leads not to a perfect complex on Loc G ∨ (S), but at least to a coherent complex with nilpotent singular support. The remarkable theorem of Arinkin-Gaitsgory (whose proof in the de Rham setting extends directly to the Betti setting) states that this construction generates all coherent sheaves with nilpotent singular support.
Theorem 3.14 ( [AG] ). The dg category QC S) ) is generated by the images of QC(Loc M ∨ (S)) under the parabolic induction functors
) ranging over all parabolic subgroups.
Remark 3.15. The theorem shows the assignment
) is the minimal enlargement of the assignment G ∨ → QC(Loc G ∨ (S)) compatible with parabolic induction.
3.5. 2-sphere and Wilson lines. Recall that the pushout presentation
leads to the pullback presentation
as the heart of Coh(Loc G ∨ (S 2 )) with respect to the standard t-structure. The full dg category Coh(Loc G ∨ (S 2 )) is the derived Satake category studied in [BeF] and also [AG] . Let us summarize some of its algebraic structures, in particular its role in spectral Hecke modifications, which follow naturally from the perspective of 4-dimensional topological field theory. Specifically, if we view S 2 as the link of a point in R 4 , then we can view Coh(Loc G ∨ (S 2 )) as line operators, and seek the algebraic structures they enjoy.
First, by considering disjoint unions of little 3-disks in a 3-disk, we see that S 2 is naturally an E 3 -algebra in the cobordism category of surfaces. Passing to G ∨ -local systems, it follows that Loc G ∨ (S 2 ) is naturally a framed E 3 -algebra in the correspondence category of derived stacks. Passing further to coherent sheaves, we obtain an E 3 -monoidal structure on Coh(Loc G ∨ (S 2 )). Similarly, at each point s ∈ S of any surface, we see that S carries a natural E 1 -action of S 2 given by little 3-disks in S × [0, 1] centered along {s} × (0, 1). Passing to G ∨ -local systems, it follows that Loc G ∨ (S) carries a natural E 1 -action of Loc G ∨ (S 2 ) in the correspondence category of derived stacks. Passing further to coherent sheaves, we conclude that Coh(Loc G ∨ (S)) is an E 1 -module over Coh(Loc G ∨ (S 2 )). Moreover, there is a natural compatibility between the E 3 -algebra structure on Coh(Loc G ∨ (S 2 )) and its commuting E 1 -actions on Coh(Loc G ∨ (S)) at various points s ∈ S.
3.6. 3-sphere and local operators. The pushout presentation
as local operators in a 4-dimensional topological field theory. Similarly as above for line operators, by considering disjoint unions of little 4-disks in a 4-disk, we see that S 3 is naturally an E 4 -algebra in the cobordism category of surfaces, and in fact the endomorphisms of the monoidal unit of S 2 . Passing to G ∨ -local systems, it follows that Loc G ∨ (S 3 ) is naturally a framed E 4 -algebra in the correspondence category of derived stacks, and likewise the endomorphisms of the monoidal unit of Loc G ∨ (S 2 ). Passing further to derived functions, we obtain an E 4 -monoidal structure on O(Loc G ∨ (S 3 )), compatible with its appearance as the endomorphism algebra of the monoidal unit of Coh(Loc G ∨ (S 2 )).
Going further, at each point s ∈ S of any surface, recall that Coh(Loc
) acts by endomorphisms of the identity endofunctor of Coh(Loc G ∨ (S)). Moreover, there is a natural compatibility between the E 4 -algebra structure on O(Loc G ∨ (S 3 )) and its endomorphisms of the identity endofunctor of Coh(Loc G ∨ (S)) at various points s ∈ S.
Remark 3.16. Up to an even grading shift, the local operators O(Loc G ∨ (S 3 )) coincide with the algebra A appearing in the definition of nilpotent singular support. In physical language, their spectrum provides the Coulomb branch
of the moduli space of vacua of N = 4 super Yang-Mills theory, with the local operators the corresponding vacuum expectation values. Nilpotent singular support is the natural condition that we sit at the conformal point 0 ∈ h ∨ //W of the moduli of vacua, while considering more general ind-coherent sheaves corresponds to a massive deformation of the theory.
3.7. Cylinder and ramification. Similarly as above for line and local operators, there is a natural concatenation E 1 -algebra structure on the cylinder Cyl in the cobordism category of surfaces with boundary. This induces an E 1 -algebra structure on the Grothendieck-Steinberg stack
in the correspondence category of derived stacks. In turn, this induces an E 1 -algebra structure on the affine Hecke category
Remark 3.17. There is a subtle difference here between cocomplete and small categories: passing to ind-categories is not compatible with taking endofunctors. One could compare the above with the parallel statement [BFN] for cocomplete categories
and take note that QC(St G ∨ ) is not the ind-completion of Coh(St Gv ).
Given any surface with boundary (S, ∂S), and an embedding S 1 ⊂ ∂S, we see that (S, ∂S) carries a natural concatenation E 1 -action of Cyl. Passing to G ∨ -local systems, it follows that Loc G ∨ (S, ∂S) carries a natural E 1 -action of Loc G ∨ (Cyl, ∂Cyl) in the correspondence category of derived stacks. Passing further to coherent sheaves, we conclude that Coh(Loc G ∨ (S, ∂S)) is an E 1 -module over (Cyl, ∂Cyl) ). Moreover, there are natural compatibilities between these surface operators and the previously discussed line operators.
All of the preceding equally holds equally well when we restrict to unipotent boundary monodromy and study the Steinberg stack
and the unipotent affine Hecke category
or to completed unipotent boundary monodromy and study the completed Steinberg stack
and the completed unipotent affine Hecke category
These are the monoidal categoroes appearing in Bezrukavnikov's local geometric Langlands correspondence [Be1, Be2] , see Section 4.5 below.
Remark 3.18. The affine Hecke category H G ∨ is much more complicated and interesting than its quasicoherent version QC(St G ∨ ). Most notably, thanks to Gaitsgory's fundamental 1-affineness theorem [G5] , it is possible [BFN2] to establish a Morita equivalence
Thus the noncommutativity of QC(St G ∨ ) is essentially trivial (see also Remark 3.29).
3.7.1. Marked surfaces. Given a surface (S, ∂S) with marked boundary, we have seen above that Coh(Loc G ∨ (S, ∂S)) is naturally a module for π 0 (∂S)-many commuting copies of the affine Hecke category H G ∨ . For notational simplicity, we concentrate here on the case of a single marked boundary component ∂S = S 1 . On the one hand, given any H G ∨ -module category M, we may form a corresponding ramified spectral category
we have a corresponding stack of ramified local systems
Then the gluing arguments of [BN6] extend to the following generality.
Theorem 3.19. There is an equivalence of ramified spectral categories
Thus we can prescribe ramification conditions algebraically or geometrically. Of particular interest is when Z is a moduli of Stokes data for irregular connections on the disk with the map to G ∨ /G ∨ given by taking monodromy. In this case, the stack Loc G ∨ (S, ∂S, Z) is a wild character variety, the Betti version of the moduli of connections with irregular singularities (see [W1] for a discussion of a corresponding wild Geometric Langlands conjecture).
3.8. 2-tori and Verlinde loops. In 3-dimensional Chern-Simons theory, the invariant assigned to the 2-torus T 2 is the Verlinde algebra at level k, which can be realized as the fusion ring of characters of level k integrable representations of the loop group. The invariant assigned to an arbitrary surface is the space of WZW conformal blocks.
The Verlinde algebra has a commutative Frobenius algebra structure governing the Verlinde formula for the dimensions of the the spaces of WZW conformal blocks in terms of pants decompositions of surfaces. It also acts on the spaces of WZW conformal blocks themselves by Verlinde loop operators given by modifications along loops on surfaces.
Going to 4-dimensional topological field theory, an analogous role is played by the category assigned to T 2 . We will outline this here and in Section 3.12. Recall that Loc G ∨ (T 2 ) is the derived commuting stack. Along with its more classical realizations, it plays a central role in geometric representation theory. Its K-theory provides a Langlands dual form of the elliptic Hall algebra (see SV2, SV3] ), closely related to Macdonald polynomials and double affine Hecke algebras. It is also directly linked to Cherednik algebras and the Harish Chandra system or Springer sheaf (see Ginzburg [Gi4] ).
3.8.1. Coherent character sheaves. We refer to the spectral category Coh N (Loc G ∨ (T 2 )) as the category of coherent character sheaves. This name is motivated by the following basic compatibility between the cylinder and 2-torus.
Theorem 3.20 ([BNP2]).
There is an equivalence
between the Hochschild homology category of the affine Hecke category and the category of coherent character sheaves.
Remark 3.21. The theorem is an affine analogue of the result [BN4] that the Hochschild homology of the finite Hecke category of B-biequivariant D-modules on G is equivalent to the category of unipotent Lusztig character sheaves on G.
Recall the Hochschild homology category is the home for characters of dualizable module categories. Thus any dualizable H G ∨ -module category has a character object in Coh N (Loc G ∨ (T 2 )). In particular, for any surface with boundary (S, ∂S), and embedding S 1 ⊂ ∂S, the spectral category Coh N (Loc G ∨ (S, ∂S)) is a dualizable H G ∨ -module category, and therefore has a character object in Coh N (Loc G ∨ (T 2 )). Its construction is closely related to the global Springer theory of Yun [Y] giving actions of Cherednik algebras on cohomology of parabolic Hitchin spaces.
3.8.2. Verlinde loops. The pair of pants equips S 1 with an E 2 -algebra structure in the cobordism category of curves. Taking a product with another S 1 induces the same on the 2-torus T 2 in the cobordism category of surfaces. Passing to G ∨ -local systems, we obtain an E 2 -algebra structure on Loc G ∨ (T 2 ) in the correspondence category of derived stacks. Similarly, at any closed loop γ ⊂ S with trivial normal bundle in a surface, we see that S carries a natural E 1 -action of T 2 in the cobordism category of surfaces. Passing to G ∨ -local systems, it follows that Loc G ∨ (S) carries a natural E 1 -action of Loc G ∨ (T 2 ) by modifications of G ∨ -local systems along γ ⊂ S.
One must be careful here when passing to coherent sheaves since not all of the maps in the correspondences defining the E 2 -algebra structure on Loc G ∨ (T 2 ) are proper. Let us introduce the coherent Verlinde category Coh prop/2 (Loc G ∨ (T 2 )) of coherent sheaves with proper support relative to the projection
given by restriction to the second loop, where the above algebraic structures are defined with respect to the first loop. Then the E 2 -algebra structure on Loc G ∨ (T 2 ) induces the same on Coh prop/2 (Loc G ∨ (T 2 )), and similarly, Coh prop/2 (Loc G ∨ (T 2 )) naturally acts on Coh(Loc G ∨ (S)) along any closed loop γ ⊂ S.
We have the following basic compatibility between the cylinder and 2-torus.
Theorem 3.22 ([BNP2]).
There is an E 2 -monoidal equivalence
between the center or Hochschild cohomology category of the affine Hecke category and the coherent Verlinde category.
3.9. Dimensional reduction. Cyclic homology provides an intimate relation between calculus on algebraic varieties and the topology of circle actions. Let us briefly recall an instance of this developed in [BN2] and [TV] that applies to categories of sheaves. From the perspective of topological field theory, it is a form of dimensional reduction, or more precisely, of a Nekrasov Ω-background as in [NW] (see also [W2] for a physical discussion of the construction). Given a category C with an S 1 -action, consider its equivariant localization or Tate construction
where we take S 1 -invariants and invert the action of the generator of the S 1 -equivariant cohomology algebra
. Since u sits in cohomological degree 2, this results in a 2-periodic or Z/2-graded category. One can lift this back to a Z-graded category in "mixed" situations where the S 1 -action comes from a graded action of the affinization BG a of S 1 , i.e., lifts to a BG a ⋊ G maction. We refer to this process informally as equivariant localization, see [BN3] for the precise statements (in particular the necessary finiteness condition on the coherent sheaves, Koszul dual to the coherence condition on the D-modules).
Let us consider three surfaces with a natural S 1 -action: the cylinder Cyl, Möbius strip Möb, and 2-torus T 2 , where we rotate one of the loops. The corresponding stacks of G ∨ -local systems were described in Section 3.2 as the Steinberg stack, the stack of Langlands parameters, and the commuting stack. They inherit an S 1 -action, and if we restrict to unipotent monodromy along the rotated loop, the S 1 -action comes from a BG a -action that in turn lifts to a BG a ⋊ G m -action.
Given an involution θ
be the associated set of involutions of G ∨ , and for σ ∈ Σ let K ∨ σ = (G ∨ ) σ the corresponding symmetric subgroup.
Theorem 3.23 ([BN3]). Equivariant localization relates the following categories:
(
i.e., the (completed unipotent) affine Hecke category reduces to the finite equivariant Hecke category (see Section 4.5).
i.e., coherent sheaves on the (completed unipotent) Langlands parameter space reduce to the categories of geometric Langlands parameters of [ABV, S] (see Section 4.9.1).
i.e., coherent sheaves on the (completed unipotent) commuting stack reduce to adjointequivaraint D-modules.
Remark 3.24. In the case of the torus, one can check in addition the natural compatibility of singular support for coherent sheaves on loop spaces and for D-modules on the base, so that coherent sheaves with nilpotent singular support (coherent character sheaves) reduce to D-modules with nilpotent characteristic variety, i.e., Lusztig character sheaves (see Section 4.1).
3.10. Interlude: factorization homology. We briefly digress here to recall a simple method to construct topological field theories from commutative algebras. Given a symmetric monoidal ∞-category, we recall how to build topological field theories by tensoring E ∞ -algebra objects over simplicial sets. This fits into the formalism of a construction called factorization homology that applies more generally to E n -algebra objects as well. Following [BFN] , we will be interested in the symmetric monoidal ∞-category of cocomplete dg categories and in particular dg categories of quasicoherent sheaves with tensor product. It is a basic fact of commutative algebra that coproducts in the category of commutative algebras over a base are given by relative tensor products over the base (or equivalently, that fiber products in the category of affine schemes are given by spectra of relative tensor products).
This admits a natural generalization to homotopical colimits of commutative algebra objects in a symmetric monoidal ∞-category C. In particular, given a simplicial set S, and a commutative algebra A ∈ CAlg(C), one can form the factorization homology
It depends only on the homotopy type of S, and can be calculated as the geometric realization of a natural simplicial commutative algebra given by tensor products of A over the simplices of S. Notably, it satisfies the Mayer-Vietoris gluing property of a generalized homology theory
Now let us restrict from simplicial sets to manifolds. Then given a commutative algebra A ∈ CAlg(C), factorization homology provides a natural n-dimensional topological field theory Z A valued in C. To a closed n-manifold M n , we assign the factorization homology
regarded as a plain object of C. To a closed n−1-manifold M n−1 , we form its factorization homology regarded as an associative algebra object of C, and then assign its module objects
Since A is a commutative algebra, A − mod is again a commutative algebra under tensor product, and furthermore, there is a natural equivalence
In this way, we may continue all the way down to a point, where we ultimately assign n-fold iterated module objects Z A (pt) = ((A − mod) · · · ) − mod The above Mayer-Vietoris gluing property and its natural generalizations translate into the gluing axioms of a topological field theory.
Remark 3.25. More generally, we need not start with a commutative algebra object, but only a framed E n -algebra object, or a variant called an n-disk algebra which depends on the structure group of the manifold. An important special case is that of associative algebras where factorization homology over the circle recovers Hochschild homology in a form in which its rotation symmetries are more evident than in the traditional definition.
3.11. Quasicoherent spectral categories. Now let us take C to be the symmetric monoidal ∞-category of cocomplete dg categories.
For X a derived stack, its dg category QC(X) of quasicoherent sheaves equipped with tensor product provides a commutative algebra object of C. Let us specialize to the classifying stack X = BG ∨ of a complex reductive group where
. This is a perfect stack in the sense of [BFN] , and so its factorization homology admits a geometric interpretation. Namely, for any homotopy type S, we have a natural equivalence
In other words, we may either first calculate the limit of the mapping stack Loc G ∨ (S) ≃ [S, BG ∨ ], and then pass to quasicoherent sheaves, or alternatively first pass to quasicoherent sheaves, and then calculate the colimit of factorization homology over S. Now we may follow the outline recalled above, and construct a 2-dimensional topological field theory with the assignments:
Note for a surface S with boundary ∂S, we have the assignment
In fact, this 2-dimensional topological field theory extends to a 3-dimensional topological field theory with the additional assignment:
Here for a 3-manifold M with boundary surface S, we have the assignment
given by the restriction map p :
, there is the correspondence
and the theory assigns the functor
and that there is a Morita equivalence between QC(G ∨ /G ∨ ) and the quasicoherent affine Hecke category QC(St G ∨ ) as discussed in Remark 3.18.
Thus in dimensions 2 and 1, the above topological field theory admits an equivalent formulation with the assignments:
For a surface with boundary (S, ∂S), with an identification S 1 ≃ ∂S, the assignment
corresponds to the assignment
For another surface with boundary (S ′ , ∂S ′ ), with an identification S 1 ≃ ∂S ′ , the gluing axiom of the above topological field theory
takes the alternative form
3.12. Betti spectral gluing. Following the preceding paradigms, we expect the spectral category Coh N (Loc G ∨ (S)) is the assignment to the surface S in a 2-dimensional topological field theory. Unfortunately, it cannot be directly described via factorization homology due to the failure of the kind of Morita equivalence appearing in Remark 3.26. Nevertheless, following [BN6] , it satisfies a Verlinde gluing property which we recall here. First, recall the affine Hecke category
We expect the 2-dimensional topological field theory to assign H G ∨ − mod to the circle. Next, suppose we have surfaces with boundary (S, ∂S), (S ′ , ∂S ′ ), with identifications S 1 ≃ ∂S ≃ ∂S ′ , then we obtain module categories
Finally, we have the following Verlinde gluing property.
Theorem 3.27 ([BN6]
). There is a canonical equivalence
respecting Hecke symmetries and Verlinde loop operators.
Remark 3.28. The theorem provides motivation for nilpotent singular support: though it is irrelevant for the punctured surfaces of the right hand side, it nevertheless arises for the closed surface of the left hand side.
A more general version of the theorem holds (see [BN6] ) when the gluing loop is not necessarily separating. An important special case is when we obtain a 2-torus from a cylinder by gluing its boundary circles as described by Theorem 3.20. Applying the general version iteratively to a decomposition of a surface S reduces the calculation of its spectral category Coh N (Loc G ∨ (S)) to the fundamental building blocks: the cylinder, the disk, the pair of pants, and in the unoriented case, additionally the Möbius strip.
Remark 3.29. To fully construct the 2-dimensional topological field theory, one should find the correct assignment to a point and invoke the Cobordism Hypothesis. We conjecture that the 2-category H G ∨ − mod assigned to the circle is equivalent to "2 Coh N (G ∨ /G ∨ )" consisting of smooth categories, proper over G ∨ /G ∨ , with nilpotent singular support. We further conjecture that the 3-category assigned to a point takes the form "3 Coh N (BG ∨ )" consisting of categories with smooth diagonal, proper over BG ∨ , and with nilpotent singular support.
3.13. Quantization. The character stacks Loc G ∨ (S) of oriented surfaces carry canonical symplectic structures due to Goldman and Atiyah-Bott, with symplectic pairing on 
were quantized using representation theory of quantum groups. For q ∈ C × , let Rep q (G ∨ ) denote the category of algebraic representations of the Drinfeld-Jimbo quantum group associated to G ∨ . This is a braided tensor category (in fact a balanced tensor category), and thus an E 2 (in fact framed E 2 ) algebra in a suitable symmetric monoidal ∞-category of categories. In [BBJ1] with Brochier and Jordan we explained how to integrate the quantum group over any oriented surface using factorization homology,
These quantum character stacks form a deformation of the topological field theory given by quasi coherent sheaves on character stacks, providing q-deformations of the structures we have been discussing.
Remark 3.30. More precisely, we can perform this integration in the setting of dg categories or of abelian categories, and the results of [L4] are used to show that the former carry natural t-structures with hearts given by the latter.
By the characterization of factorization homology, for every point x ∈ S, we have a functor
defined by the embedding of any small disc around x, and these functors generate the category. For example localizing the trivial representation gives a distinguished object, the quantum structure sheaf O q ∈ QC q (Loc G ∨ (S)). The categories attached to punctured surfaces are described in [BBJ1] using a Rep q G ∨ action coming from the inclusion of boundary points:
Theorem 3.31. [BBJ1] For any punctured surface S there's an equivalence QC q (Loc G ∨ (S)) ≃ A q (S) − mod Rep q G ∨ with modules for a canonical algebra object in Rep q G ∨ . Moreover a decomposition of the surface provides an explicit presentation of A q (S).
In particular, the algebra A q (S) recovers the quantum function algebra O q (G ∨ ) (with its conjugation action) in the case of an annulus, and the algebra D q (G ∨ ) of quantum differential operators for the punctured torus.
In [BBJ2] the category QC q (G ∨ /G ∨ ) = S 1 Rep q G ∨ is endowed with two explicit tensor structures, a braided structure identified with the Drinfeld center of Rep q (G ∨ ) quantizing the convolution product on QC(G ∨ /G ∨ ) and a monoidal structure identified with the trace of Rep q (G ∨ ) and quantizing the pointwise tensor product on QC(G ∨ /G ∨ ). Module categories for the pointwise product on QC q (G ∨ /G ∨ ) are then identified with E 2 -module categories for Rep q (G ∨ ), or with braided Rep q (G ∨ )-modules. The resulting braided monoidal 2-category Rep q (G ∨ ) − mod E2 provides the possible markings for surfaces, and the categories associated to surfaces with various markings are then described formally as relative tensor product over QC q (G ∨ /G ∨ ), or explicitly as bimodules for A q of the punctured surface and an algebra describing the marking.
is identified with adjoint equivariant quantum D-modules on G ∨ . For G ∨ = GL n , the category attached to T 2 with a "mirabolic" marking I t has End(O q ) ≃ SH q,t , the spherical double affine Hecke algebra.
3.13.1. Comparison with the de Rham setting. The de Rham space Conn G ∨ (X) likewise carries an algebraic symplectic structure, which is analytically identified with that of Loc G ∨ (S). It is symplectically equivalent to a twisted cotangent bundle of the moduli stack of bundles Bun G ∨ (S), twisted by the determinant line bundle det. As a result the category QC(Conn G ∨ (X)) has a natural deformation quantization, given by modules
The quantum analog of the Riemann-Hilbert correspondence relating Betti and de Rham spaces is provided by the Kazhdan-Lusztig equivalence [KL2] between Rep q G ∨ and the Kazhdan-Lusztig
Here the level k ∨ and quantum parameter q are related by q = exp(πi/(k + h ∨ )) with h ∨ the dual Coxeter number (with a modification by the ratio of lengths of roots in the non-simply laced case), and
is closely related to the corresponding integration (chiral homology) of KL k ∨ (G ∨ ). In particular for every point x ∈ X, Beilinson and Drinfeld constructed localization functors from
and it was proved by Rozenblyum that these functors generate the latter category on quasi-compact substacks of Bun G ∨ (X).
Automorphic side
Notation. For a smooth stack Z, we will write Shv(Z) for the dg category of complexes of sheaves of vector spaces on the underlying complex analytic stack Z an . Note we do not require any bounds on the size of such complexes. To specify constructible sheaves, we will use the additional notation Shv c (Z) ⊂ Shv(Z). For a closed conic subset Λ ⊂ T * Z, we will write Shv Λ (Z) ⊂ Shv(Z) for the full dg subcategory of those complexes with singular support contained in Λ.
4.1. Prelude: character sheaves. To construct and classify characters of finite groups of Lie type, Lusztig introduced their geometric avatars in the form of character sheaves [Lu2] (see also [La1] for a review, and [Gi1, MV1, Gr] for geometric approaches to the theory).
Over the complex numbers, character sheaves are perverse sheaves on the adjoint quotient G/G with singular support contained in the nilpotent cone N ⊂ T * (G/G). Recall that Hamiltonian reduction provides an equivalence with the moduli of commuting pairs
and the nilpotent cone is the inverse-image of 0 ∈ g * //G under the invariant polynomial map
✤ / / ξ In particular, for a torus G = T , the nilpotent cone is the zero-section, and character sheaves are simply local systems. For arbitrary reductive G, a natural source of character sheaves is parabolic induction. Principal series character sheaves arise by starting with such local systems, and forming their parabolic induction via the correspondence
/ / G/G For example, starting from the trivial local system leads to the Springer sheaf. A basic observation is that the characteristic directions of the map B/B → G/G equal the nilpotent cone, and hence parabolic induction preserves nilpotent singular support. In general, all character sheaves arise by parabolic induction from a minimal Levi subgroup, with cuspidal character sheaves those for which the Levi subgroup is G itself.
Remark 4.1. Over the complex numbers, one can equivalently describe character sheaves as Dmodules on G/G with nilpotent singular support. For example, the Springer sheaf and its natural twists form the Harish Chandra system, the eigensystem for the bi-invariant differential operators [HK] . In this case, the condition of nilpotent singular support arises naturally from the identification of the symbols of the Harish Chandra operators with polynomials on g * //G. More generally, one can view character sheaves as quantizations of fibers of the invariant polynomial map T * (G/G) → g * //G. In particular, near the identity of G, or equivalently on the Lie algebra g, the Fourier transform identifies character sheaves with coadjoint orbits in g * [M] . With Geometric Langlands in mind, this was interpreted in [N2] in the language of Fukaya categories, inspired by [KW] .
4.2. Nilpotent sheaves. Now fix a smooth complex projective curve X.
In place of the adjoint quotient G/G, we will consider the moduli stack Bun G (X) of G-bundles on X, and in place of the invariant polynomial map T * (G/G) → g * //G, we will consider the Hitchin integrable system.
, and recall the role of Higgs bundles
Then the Hitchin integrable system is the natural map
The global nilpotent cone, introduced by Laumon [La3] , is the zero-fiber
parameterizing G-bundles and nilpotent Higgs fields. It is a conic Lagrangian substack with respect to the natural algebraic symplectic structure [La3, Fa1, Gi3, BD] With this setup, natural analogues of character sheaves are Hecke eigensheaves, geometric avatars of automorphic functions. Indeed, this perspective in part motivated Laumon's introduction of the global nilpotent cone [La2] , and in particular, he conjectured that the global nilpotent cone contained the singular support of all cuspidal Hecke eigensheaves for GL n .
In particular, for a torus G = T , the global nilpotent cone is the zero-section, and nilpotent sheaves are simply local systems. For arbitrary reductive G, a natural source of nilpotent sheaves is parabolic induction. The most basic form of geometric Eisenstein series arise by starting with such local systems, and forming their parabolic induction via the correspondence
It was explained in [Gi3] that the characteristic directions of p equal the global nilpotent cone
such that dp * φ| EB = 0}
and hence such geometric Eisenstein series are nilpotent sheaves. More generally, one also obtains nilpotent sheaves by applying geometric Eisenstein series to nilpotent sheaves for Levi subgroups. Let us formalize the idea that we should focus on sheaves with nilpotent singular support. Let us not fix the size requirements of a constructible sheaf, or any parameters for example satisfied by an irreducible Hecke eigensheaf, but simply require nilpotent singular support.
Definition 4.2. 1) We say that F ∈ Shv(Bun G (X)) is a nilpotent sheaf if its singular support lies within the global nilpotent cone.
2) Define the large Betti automorphic category
to be the dg category of nilpotent sheaves, and the small Betti automorphic category
to be the full dg subcategory of compact objects.
Remark 4.3. The superscript w stands for "wrapped" as appears in the discussion of Section 1.7. An object F ∈ Shv w N (Bun G (X)) is not necessarily constructible, though there is a stratification of Bun G (X) such that the restrictions of F to the strata are locally constant.
Here is an initial rough form of the Betti Geometric Langlands conjecture.
Conjecture 4.4. There is an equivalence
compatible with Hecke functors (see Section 4.4 below).
Remark 4.5. The Betti conjecture admits a natural integral form, relating coherent sheaves on a Z-form of the character stack (see Remark 3.1) with complexes of sheaves of abelian groups on Bun G (X), compatibly with actions of the integral form of the Hecke category [MV2] .
4.3. Betti class field theory. Let G = T be a torus, T ∨ the dual torus, and Λ = Hom(C × , T ) the cocharacter lattice. The choice of a point x ∈ X gives rise to an identification
The nilpotent cone N = {0} ⊂ T * Bun T (X) is the zero section, so that the automorphic category comprises local systems.
On the other hand, we have an identification
and the spectral category comprises quasicoherent sheaves QC ! N (Loc T ∨ (X)) = QC(Loc T ∨ (X)) We can now use these product decompositions to explicitly match the two categories. The automorphic category is graded by Λ = π 0 (Bun T (X)) matching the grading of the spectral category by Λ = K 0 (BT ∨ ). Next, local systems on BT are given by complete modules over H * (BT ) = Sym t * [−2], or, via Koszul dually, by quasicoherent modules over H * (T ) = Sym t[1], matching quasicoherent sheaves on the derived factor of Loc T ∨ (X). Finally, local systems on P ic T (X) 0 are modules for
as are quasicoherent sheaves on
4.4. Hecke modifications. Let us recall the action of the Satake category via Hecke modifications parallel to the Wilson lines discussed in Section 3.5.
where O x is the completed local ring, and let D × x = Spec K x be the punctured disk, where K x is the fraction field. For a choice of local coordinate, we obtain isomorphisms O x ≃ O, K x ≃ K.
Set X ± = X, and introduce the non-separated curve X(x) = X − X\{x} X + , and consider the natural correspondence
For a choice of trivialization of a G-bundle on D x , the corresponding fibers of the maps are isomorphic to the affine Grassmannian Gr G = G(K)/G(O). It follows the possible kernels for integral transforms of sheaves are G(O)-equivariant sheaves on Gr G .
Recall the Geometric Satake Theorem [Lu1, Gi2, BD, MV2] is an equivalence between G(O)-equivariant perverse sheaves on Gr G and finite-dimensional representations of G ∨ . It admits the following derived enhancement.
Theorem 4.6 ( [BeF, AG] ). There is an equivalence of monoidal dg categories
Remark 4.7 (twisted local systems). An important subtlety in the Geometric Satake Theorem (see [MV2, BD] and especially [Re] ) is that the geometric commutativity constraint on perverse sheaves on Gr G does not match the algebraic commutativity constraint of representations of G ∨ . Rather, it matches that of representations of G ∨ on super vector spaces in which a canonical central involution s G ∨ ∈ Z(G ∨ ) acts by the parity operator (following the notation of [FG] ). To correct for this, one ought to either consider twisted sheaves on Bun G (X), or to consider G ∨ -local systems on the Z/2-gerbe of spin structures on X with −1 acting by s G ∨ . This issue can usually be suppressed by choosing a spin structure, and we will only mention it briefly when discussing tame ramification in Section 4.5 and real bundles on unoriented surfaces in Section 4.9.
Recall for x ∈ X the action of Coh(Loc G ∨ (S 2 )) on the spectral category QC ! N (Loc G ∨ (X)) by Wilson lines, and that it only depends on x ∈ X through its structure as a homotopy point.
Let us make Conjecture 4.4 more explicit by specifying the above Hecke functors match the Wilson lines under the Geometric Satake Theorem. Thus for Conjecture 4.4 to hold, the following must also be true. (We expect a proof to appear in [NY] .) Conjecture 4.8. The action of the Satake category Shv c (G(O)\Gr G ) by Hecke functors at x ∈ X preserves nilpotent sheaves Shv N (Bun G (X)) and is locally constant as we vary x ∈ X. 4.5. Tame ramification. Let B ⊂ G be a Borel subgroup.
For a point x ∈ X, consider the moduli Bun G (X, x) of G-bundles on X equipped with Breductions at x.
Set X ± = X, and let x ± ∈ X ± denote x ∈ X. Introduce the non-separated curve X(x) = X − X\{x} X + , and consider the natural correspondence
For a choice of trivialization of a G-bundle on D x with B-reduction at x, the corresponding fibers of the maps are isomorphic to the affine flag manifold F l G = G(K)/I where we write I ⊂ G(O) for the Iwahori subgroup. It follows the possible kernels for integral transforms of sheaves are I-equivariant sheaves on F l G .
We have the fundamental Local Langlands Theorem of Bezrukavnikov for the affine Hecke category. It categorifies Kazhdan-Lusztig's geometric realization of the affine Hecke algebra as a convolution algebra in the equivariant K-theory of Steinberg varieties [KL1] (see also [CG] ).
Theorem 4.9 ( [Be1, Be2] ). There is an equivalence of monoidal dg categories
The theorem is compatible with the Geometric Satake Theorem via Gaitsgory's central functor [G1] .
Remark 4.11. If we replace I-equivariant sheaves on F l G with bimonodromic sheaves, the above extends to a natural family of theorems. We conjecture one can formulate them all at once in the Betti setting by taking bimonodromic sheaves with arbitrary monodromy and dropping the unipotent requirement on the Steinberg stack.
We have the following natural extension of Conjecture 4.4 to tame ramification. Recall the role of Higgs bundles with simple poles
Thus we have a global nilpotent cone N G,(X,x) ⊂ T * Bun G (X, x) parameterizing G-bundles on X with B-reductions at x and nilpotent Higgs fields. Let us take nilpotent sheaves Shv N (Bun G (X, x)) ⊂ Shv(Bun G (X, x)) to be the full dg subcategory of sheaves with singular support in the global nilpotent cone.
Introduce the topological surface
For simplicity, let us assume G is simply connected. This allows us to trivialize the twists mentioned in Remark 4.7.
Conjecture 4.12. Assume G is simply connected.
There is an equivalence ∂S) ) compatible with the actions of the affine Hecke category.
Remark 4.13. If we replace B-reductions by N -reductions, the above conjecture extends to a natural family of conjectures. In this setting, the condition of nilpotent singular support forces sheaves to be monodromic for the natural H-action.
There is also an evident generalization of the conjecture where we allow more points of ramification.
4.6. Topological strategies. Recall that the character stack Loc G ∨ (X), and hence the spectral category QC ! (Loc G ∨ (X)) as well, is an invariant of the homotopy type of the curve X. Thus for Conjecture 4.4 to be true, the following must also hold.
Conjecture 4.14. The Betti category Shv N (Bun G (X)) of nilpotent sheaves depends on the curve X only through its underlying topological surface.
In general, the geometry of the nilpotent cone N X,G is sensitive to the algebraic geometry of X, and more specifically, undergoes jumps along Brill-Noether loci in the moduli of curves. Thus the conjecture is far from obvious. (See 4.8 for the nontrivial case of elliptic curves.)
Building upon Conjecture 4.14, we can hope to establish an automorphic analogue of the spectral gluing discussed in Section 3.12. There is a natural geometric mechanism given by the asymptotic degeneration of the loop group [Fa1, ?] .
Conjecture 4.15. The Betti category Shv N (Bun G (X)) of nilpotent sheaves admits a gluing description under the degeneration of X to a nodal curve.
The conjecture would reduce the challenge of a Betti Langlands correspondence to the building blocks associated to the disc, cylinder and pair of pants (and Möbius strip in the unoriented case). 4.7. Building blocks. We now discuss the status of the Betti conjecture for the basic building blocks, the once, twice and thrice punctured spheres. See Section 4.9 for the Möbius strip.
The moduli stacks Bun G (P 1 , 0) and Bun G (P 1 , 0, ∞) associated to the disk and cylinder are very closely related to the quotients G(O)\G(K)/I and I\G(K)/I of the affine flag variety. The resulting categories of sheaves are related by a Radon transform, and therefore are well understood from the work of Arkhipov and Bezrukavnikov [AB, Be2] as the standard module and regular bimodule for the affine Hecke category.
Theorem 4.16. [AB, Be2] The unipotent form of the Betti Conjecture holds for the disk and cylinder, i.e., we have equivalences
)) compatible with affine Hecke module structures.
Langlands duality for the thrice punctured sphere appears deep in general. The case of SL 2 is distinguished in that the moduli stack of parabolic bundles has a discrete set of isomorphism classes, making it amenable to direct analysis.
Theorem 4.17. [NY] Conjecture 1.5 holds for G = SL 2 and X = P 1 \ {0, 1, ∞}.
4.8. Elliptic character sheaves. In this section, we focus on Betti Langlands for an elliptic curve E. The moduli stack Bun G (E) has close connections to the geometric representation theory of G. First, if we restrict to the open substack G E := Bun G (E) 0,ss of semistable degree 0 bundles, we obtain the "elliptic adjoint quotient", which specializes to G/G (when E is a nodal Weierstrass cubic) and of g/G (when E is a cuspidal cubic). The global nilpotent cone on Bun G (E) restricts to the standard nilpotent cone on g/G and G/G. Thus perverse sheaves in the automorphic category Shv N (Bun G (E)) restrict to character sheaves on g or G.
On the other hand, the entirety of Bun G (E) is well known to be a model for the geometry of the (somewhat forbidding) adjoint quotient of the loop group LG/LG -an idea that originates with Looijenga's (unpublished) identification of holomorphic G-bundles on the Tate curve E q = C × /q Z with twisted conjugacy classes in loop groups (see [EFK, BG96] ). Following this logic (see for example [S2] , which attributes the idea to Ginzburg), we view nilpotent sheaves on Bun G (E) as a stand-in for nilpotent sheaves on LG/LG, i.e., for character sheaves on the loop group. This motivates the following definition.
Definition 4.18. An elliptic character sheaf on E is an object of the automorphic category Shv N (Bun G (E)).
Remark 4.19. In [LN] , Looijenga's idea was advanced to provide a complex analytic uniformization of G E by adjoint quotients of reductive subgroups of the loop group. This leads to a method to prove the topological invariance of elliptic character sheaves.
Elliptic character sheaves are expected to be avatars for the nascent theory of affine character sheaves [Lu3, BeKV] , which are to play the role for depth zero representations of p-adic groups that character sheaves do for finite groups of Lie type. The theory is already extremely rich if we restrict to the subcategory generated through parabolic induction by trivial local systems on Bun M (E) for Levi subgroups M -the elliptic Hall category introduced and studied in depth by Schiffmann and Vasserot [S1, S2, SV1, SV2, SV3] . They identify its decategorification, the elliptic Hall algebra (for all GL n together), with a variant of Cherednik's double affine Hecke algebra and relate it to Macdonald's symmetric functions and K-groups of Hilbert schemes of points. In [SV3] they extend this analysis to prove a decategorified form of the geometric Langlands conjecture in the formal neighborhood of the trivial G ∨ local system, for any curve. In another direction, in [BN5] we restrict to G E and develop the elliptic analog of Springer theory for the Lie algebra g/G (cuspidal case) and Lie group G/G (nodal case). Let
denote the double affine Weyl group. Note that by the toy model calculation Section 2.2 we have an equivalence of abelian categories of representations of W E with W -equivariant quasi coherent sheaves on Loc T ∨ (E), on which the stabilizers act trivially, as well as with local systems on Bun T (E) 0,ss . Thus the following theorem carries out the Betti Langlands conjecture on the Springer part of the category of elliptic character sheaves:
Theorem 4.20. [BN5] Parabolic induction induces a fully faithful embedding of abelian categories from C[W E ] − mod to the heart of Shv N (G E ).
Remark 4.21. Fratila [Fr] provided an extension of this theory to all components of the semistable locus Bun Recall that Theorem 6.9 from [BN4] identifies unipotent character sheaves on G with the trace (Hochschild homology) of the finite Hecke category, while Theorem 3.20 likewise identifies [unipotent] (Bun G (E) ).
This conjecture would also provide a natural source of elliptic character sheaves as characters of module categories for the affine Hecke category -for example, automorphic categories of curves with parabolic structures. The spectral identification of this character as a coherent character sheaf would then provide a geometric analogue of the Arthur-Selberg trace formula (see also [FN] ).
To imitate the proof of the analogous statement for the finite Hecke category [BN4] , one needs a version of the horocycle correspondence relating Bun G (E) and the I-orbits on the affine flag variety I\LG/I. A natural relation between the two stacks is provided by the degeneration of the Tate curve E q E 0 to a nodal elliptic curve and then the passage to its normalization P 1 ≃Ẽ 0 . This sequence offers an analogue of the horocycle transform for loop groups completely within the setting of finite-dimensional geometry. We expect the corresponding categories to be related via the resulting geometry of degenerations and normalizations. 4.9. Real Betti Langlands. The Betti conjecture has a natural extension to real curves, and we will focus here on a distinguished case. Let (X, α) denote a real form of X, where α is a complex conjugation of X.
Let (G, θ) denote a quasi-split real form of G. The involutions α and θ define a real form of the moduli of G-bundles on X, namely the stack Bun G,θ (X, α) of G-bundles on X identified with their pullback under α and θ. Given additionally an α-invariant finite subset Y ⊂ X, there is the parabolic stack Bun G,θ (X, Y, α) of G-bundles on X equipped with flags along Y and compatibly identified with their pullback under α and θ.
The quasi-split real form (G, θ) defines an L-group G L , isomorphic to the semidirect product of G ∨ with the Galois group Gal(C/R) = Z/2 acting by the algebraic involution θ ∨ corresponding to the conjugation θ. To avoid further discussion of the twisting mentioned in Remark [?], we will assume the derived group of G is of adjoint type.
Remark 4.23. A natural extension of the Betti conjecture when (X, α) has no real points relates sheaves on Bun G,θ (X, Y, α) with coherent sheaves on a character stack of α-twisted Y -parabolic G L local systems on X. In the case where X(R) is nonempty, one should take into account the additional structure to the Hecke modifications along real points studied in [N1] , and given a string theory interpretation in [GW, Section 6] .
Let us focus on the special case of the real curve (P 1 , α), with the antipodal conjugation α, and tame ramification along Y = {0, ∞}. Note that the topological quotient (P 1 \ {0, ∞})/α is the open Möbius strip RP 2 \ {0 = ∞} (see Section 3.2). intertwining natural affine Hecke symmetries.
Theorem 4.25.
[BN7] Conjecture 4.24 holds when G is one of the following: a complex group considered as real group, a torus, SL 2 or P GL 2 .
4.9.1. Langlands-Vogan-Soergel Duality. A primary motivation for Conjecture 4.24 is its relevance, developed in [BN1, BN3] ), to the local Langlands program over the real numbers [ABV, S] . Let us apply where we take unipotent monodromic sheaves on the automorphic side and completed unipotent monodromy on the spectral side. On the automorphic side, invoking traditional paradigms of equivariant localization [GKM] leads to unipotent monodromic sheaves on the fixed point locus, which is a disjoint union of quotient stacks ι∈Θ G ι \G/B Θ = {ι ∈ G : ιθ(ι) = 1}/G where G ι denotes the real form of G corresponding to the conjugation defined by θ and ι.
On the spectral side, invoking results discussed in Section 3.9 leads to D-modules on the disjoint union of quotient stacks 4.10. Quantization. In this section we propose a Betti avatar of the Quantum Geometric Langlands Conjecture, introduced in [St] following work of FF2] , see [G2, G6] . Recall from Section 3.13.1 that we have determinant line bundles det → Bun G (X), det → Bun G ∨ (X), and that Conn G ∨ (X) is identified symplectically with the det-twisted cotangent bundle to Bun G ∨ (X). Thus by considering det k ∨ -twisted D-modules on Bun G ∨ (X) we have a family of categories with a specialization
as k ∨ → ∞. On the other hand we can deform D(Bun G (X)) by considering det k -twisted D-modules, for k ∈ C. The quantum de Rham conjecture proposes an equivalence
where the levels are related by k ∨ = −1/k. As k → 0, k ∨ → ∞ we recover the usual de Rham conjecture (up to the subtlety of QC vs. QC ! N ). The twisted geometric Satake equivalence of [FL, Re] identifies the (abelian) spherical Hecke categories acting on quantum D-modules as representations of a reductive subgroup of G ∨ , which is trivial for generic k. Instead, the conjecture is required to exchange the localization functor ∆ x from the Kazhdan-Lusztig category of g at level k ∨ to D k ∨ (Bun G ∨ (X)) discussed in Section 3.13.1 with a Poincaré series functor from twisted Whittaker sheaves on the Grassmannian at x to D k (Bun G (X)), see [G2] .
The Betti category Shv N (Bun G (X)) also admits a natural twisted version, given by monodromic sheaves. Namely for q ∈ C × we consider twisted sheaves on the C × -gerbe det log q , or concretely sheaves on the total space of the C × -bundle det × which are locally constant with monodromy q along the fibers. This category is the topological counterpart to twisted D-modules, since q-twisted constructible sheaves are identified with D-modules on Bun G (X) twisted by det k for any choice of k with exp(k) = q. The condition of nilpotent characteristic variety extends to twisted sheaves, so that we can formulate the following: Conjecture 4.27 (Quantum Geometric Langlands). For q ∈ C × , let Shv q,N (Bun G (X)) denote q-monodromic nilpotent sheaves on det × → Bun G (X). Then there is an equivalence
Remark 4.28. We expect the conjecture will need a correction related to a notion of singular support for quantum coherent sheaves, which can be detected as in the classical case by the action of local operators S 3 Rep q G ∨ .
